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Let us consider a function y = f(x)defined on the interval (a, b)of the
numerical axis R. Let the point be x, € (a, b).
Definition 1. The interval (xq — §,x, + §), where § > QOis called dthe
neighborhood of the point xyand is denoted by Ugs(x,):
Us(xg) ={x ER: xg—6 <x<x9+6; § >0}
Definition 2. If exists §, then the neighborhood of the point x, Us(x,) €
(a, b)such that for any x € Ug(x,)equality holds

f(x) = f(xo),
that's what it x,'s called point of local maximum of the function f(x).
Y a Y a
f(xo) /\/ f(XD) /\
Xo X Xo %
Fig. 1a. Fig. 1b.
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Fig. 1c.
Definition 3. If exists &, then the neighborhood of the point x, Us(x,) C
(a, b)such that for any x € Ug(x,)equality holds
fx) = f(x0),

that's what it x,'s called point of local minimum of the function f(x).

Y -
fim=,)
x X
Fig. 2a.
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Fig. 2b.
Fig. 2c.

In the future, for brevity, we will call the points of the local maximum of
the function f(x)the points of the maximum of the function, and f (x,)we will
denote the values of the maximum of the function byf (x)

f(xo) = max f(x).

xeU (xO)
Similarly, we will call the points of the local minimum of the function
f (x)the points of the minimum of the function, and f(x,)we will denote the
values by the minimum of the functionf (x)

f(xo) = min _f(x).

X€Us(xo)
Figures 1 a) — 1 ¢) show maximum points, and figures show minimum
points.
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The points of maximum and minimum of a function are called extreme
points, and the maximum and minimum of a function are called extrema

Euro Asian
Journals

(extreme values of a function).
Example 1. Let us consider a function defined on an interval

(a, b)graphically :
Ya

According to definitions 2-3, points Xx;, X, X4, Xgare maximum points, and
points x3, X5, X7, Xgare minimum points of the given function.
Example 2. Let's consider the function

—x? —2x+3, —-5<x<-1
4, -1<x<1
= 15 — 7x
f&) e = 7 B

x> —6x+6, 3<x<6

on the interval (—5,6).
The graph of this function has the form (see example 2. from § 1):
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The point x; = 3is a minimum point of the function f(x), according to
definition 3, and any point on the segment is [—1,1]a maximum point, according
to definition 2.
In maple

h = x—>piecewise( -5<xandx S—l,—x2 —2x+3,-1<xandx <1,4,1 <xandx <3,

(15;—7.)6),3 Sxande6,x2—6-x+6j
h ::x—>piecewise(—5 <xand x < -1, - —2x+3,-1<xand x<1,4,1 <x and x

<3, 175—%x3<xandx<6x —6x+6)

>plot(h(x),x =-5..6, color = red, thickness = 2, discont = true)
6 -

N/

Definition 4. The point at which the derivative of a function f(x)vanishes
or does not exist is called a critical point f(x).
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Theorem 1. ( Necessary condition for an extremum) . If a point x, €
(a, b)is an extremum point of a function f(x), then x,is a critical point of the
function f(x).

This means that, based on Theorem 1, the extremum points of a function
f(x)should be sought among its critical points.

The question "will the function reach its extremum at these points or not"
can be answered using sufficient conditions for an extremum. To form them, we
introduce the concepts of left and right neighborhoods of a point x, € (a, b).

Definition 5. The interval (xo, — 6, xy) < (a,b), where § > 0, is called the
left 5neighborhood of the point. xyand is denoted by Ug (x):

Us(xg) ={x ER: xg— 8 <x < x4; § >0}

Definition 6. The interval (xq,xo + &) € (a,b), where § > 0, is called the

right §-hand neighborhood of the point. x,and is denoted by Uy (x,):
Ug (xo) ={x ER: xy <x <xq+86; § >0}

Theorem 2. ( First-order sufficient condition). Let the function f(x)be
continuous at a point xyand have a finite derivative on Ug(xo)\{x}.

a) if forany x € Uz (x,) f'(x) > Oand for any

x € Ug (xo) f'(x) <0, then x,it is the maximum point of the function
f(x);

b) if for any x € Us (x,) f'(x) < Oand for any

x € UF(x) f'(x) > 0, then x,it is the minimum point of the function
f(x);

c) if forany x € Ug (xg) f'(x) > Oand for any

x € Us(x) f'(x) > 0, or for any x € Ug (x,) f'(x) < Oand for any x €

Us (x) f'(x) < 0, then x,it is not an extreme point of the function f (x).

In other words, if the derivative of a function f(x)changes sign when
passing through a critical point x, then the function f(x)has an extremum at
this point. If the derivative of a function f (x)does not change sign when passing
through a critical point x, then the function does not have an extremum at this

LSS

point f(x).
Example 3. Investigate the function for extremum
x2
f(x) N x2+3'

Solution. The domain of the function f(x)is the entire number line R.
According to Theorem 1, we find the critical points of the function f(x), for
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which, according to the rule for finding the derivative of a ratio, we obtain the

derivative
f'(x)this function

2x(x? + 3) — 2x%x 6x
flx) = 2 2 T o
(x? +3) (x? 4+'3)
Using the definition of a critical point of a function, f(x)first equating
f'(x)to zero, i.e.

6x
(x? + 3)2
we determine that the last equality holds for x = x, = 0. Since the function
f (x)has finite derivatives in R, the only critical point of the function f (x)is x,.
Let us determine the signs of the derivative of the function f(x)in the left
and right neighborhoods of the point x;:
foranyonex e U5 (0) ={x ER: =0 <x<0; 0 <6 < 1}
6x
f'x) = 213 S ASESEs
foranyonex € UFf(0) ={x eR:0<x <0< <1}
6x
f’(x)—( 71 3)2 >0, +
This means that the derivative of the given function changes sign from
minus ("- ") to plus ("+") when passing through the critical point x,. The given
function is continuous at the point x,. Therefore, according to Theorem 2, x,is
the minimum point of the given function and its minimum is equal to

f(xo) = min _f(x).

x€Ugs(x0)

=0,

YA

In maple

x2
>f:: > ;
X +3
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2
B 2 +3
>%f;
2x 25
P43 (2 43)

>solve Zx 220 X

X430 (2 43)

>plot(f);

—10 -= (=}

-

10

Example 4. Investigate the function for extremum

wIN

(&)=

In maple

>/
(xz)m

> smartplot ( );

74|Page
Licensed under CC Attribution-NonCommercial 4.0



Pedagogical Cluster- Journal of Pedagogical Developments
PCJPD Volume 2 Issue 11, November 2024, online: ISSN 2956 896X

| LMJ PEDAGOGICAL CLUSTER

curo asizn - JOURNAL OF PEDAGOGICAL DEVELOPMENTS

Journals

Website: https://euroasianjournals.org/index.php/pc/index

Solution : The given function is defined and continuous on the entire
number axis. The derivative of the given function, whenx # 0 is defined as:

2
f16) =
> diff ((x" 2)A (1/3), x);
i X
3 (x2)2/3

Derivative of a function f(x)at x = Odoes not exist:

f(0+ Ax) — £(0) . 1
m = lim — = +o0;
Ax—+0 Ax Ax—>+0 =
Ax3
£O /800 Vi
m = lim — = —oo0.
Ax——0 Ax Ax——0 1
Ax3

( the function f'(x)suffers a discontinuity of the second kind (an infinite jump
at the point x = 0)).

This means that the point x = Qis a critical point of the function
f (x)according to Definition 4. When passing through the critical point, x = Othe

derivative f'(x)changes sign from minus ("-") to plus ("+"). The given function
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is continuous at the critical point. According to Theorem 2, the critical point x =
Ois the minimum point of the function f(x)and its minimum is equal to

f(0) = xé?;i’(lo)f (x) = 0.

YJL

Y

Example 5. Investigate the function for extremum
f(x) = arcsin(cosx).
>arcsin(cos(x) )
% T — arccos(cos(x))
> smartplot ( );
2m In
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Solution . The domain of the function f(x)is the entire number line. Let
us find the expression for the derivative of this function as a complex function:
(cosx)’ —sinx sinx

fi) = - = -

V1 —cos?x V1 — cos?x |sinx|

> diff (, x);

sin(x)

1— cos(x)2

From the form of the expression for the derivative of the function f(x),
we conclude that the given function has no derivative at the points at which
sinx = 0. ( The function f'(x)suffers a discontinuity of the first kind). The
solution to the last equation is the pointsx;, = kmr,k = 0; +1; £2; £3; ...

This means that the points x;, = kmr,k = 0; +1; £2; +3; ...are critical
points of the function f(x). The points x;, = km, k = 0; +1; +2; +3; ...are the
maximum points of the given function according to Theorem 2, since when
passing through these points the derivative of the given function changes sign
from plus (“4+”) to minus (“-”), and at these points the given function is
continuous. Indeed,

f'(x) = latsinx < 0,

f'(x) = —1latsinx > 0.
Similarly, the points x, =kmk=2n+1,n=0; £1; +2; £3;...are the
minimum points of the given function according to Theorem 2, since when
passing through these points, the derivative of the given function changes sign
from minus (“-”) to plus (“+”), and at these points the given function is
continuous.

[= |
.,
.,
x'l'

Example 6. Investigate the function for extremum
f(x) =x3—3x%+3x+5.
Splot(x®> =3 +3-x+5);
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a0
400 4

200 -

Solution : The domain of the function f(x)is the entire number line. The

derivative of this function is defined as:
f'(x) =3x% — 6x + 3.
The solution to the equation f'(x) = 0, i.e.
3x2—6x+3=0

is a point x = x, = 1.The derivative of a given function exists on the entire
number axis. Therefore, the point x,is a critical point of the function f(x). When
passing through a critical point x, the derivative of a given function does not
change sign. According to Theorem 2, at a critical point, xya given function does
not have an extremum.
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